Vol.12.Issue.1.2024 (Jan-March)

BULLETIN OF MATHEMATICS
AND STATISTICS RESEARCH

A Peer Reviewed International Research Journal

http://www.bomsr.com INTERNATIONAL
I . STANDARD
Email:editorbomsr@gmail.com . \ QF‘R]M

NUMBER
RESEARCH ARTICLE 2348-0580

DIOPHANTINE EQUATIONS OF THE TYPE:
(a®+ b+ cm=d") & (@™ +b"+ "+ d" =e")

Seiji Tomita®, Oliver Couto?

'Computer Engineer, Tokyo software co. Inc., Japan.
Email: fermat@m15.alpha-net.ne.jp
2University of Waterloo, Waterloo, Ontario, Canada
Email: matt345@celebrating-mathematics.com

DOI:10.33329/bomsr.12.1.10

e ABSTRACT
f @ In this paper the authors have considered, Diophantine equations,
. BOMSR - @ +bp"+cm=d") & (@ +Db"+c™+d™ =e") for

m = (2,3,4) &n < 10. While the authors [ref. (2)] in their year 2023
paper discussed above equation for n=2 & ‘m’ for various degrees, this
paper has done a systematic approach for degree n=2 & higher. In the
previous paper the authors had considered three terms on the (LHS), in
this paper we have also considered four terms on the (LHS). For degree six
only numerical solution is given since a parametric solutions has been
evasive.

We have considered equations of the below type:

(ap + b +cr) = (d)a & (ar + bpr + cr +dp) = (e9)
Above can be written as:

.(a,b,c)? = (d)* &(a,b,c,d)’” = (e)*
Section 1: (a? + b? + c?) = (d)q)

[Three terms on (LHS) ]
(a, b, c)p =(d)4

(p,q) =(2,2)
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We take:

(a, b, c) = [(3p), (3q), (pq)]
Where, (p,q) = (3k - 2),(3k - 5) & d = (9k* - 21k + 19)

Fork=0
(15,10,6) = (19)°
Fork =3
(21,12,28)" = (37)°
2. (a,b,cp=(d)
(@, b, c)* = (d)?
(p,q)=(32)
We take (a, b, c) = [(x - 1), x, (x +1)] & we get:
d? = 3x(x* + 2) & we take
x=6m’ & we get:
d’ = (6m)*(18m* + 1),
Form=2, we get d =204
(a, b, c) =(23,24,25) & d = (204)
Another numerical solution for: (p, q) = (3,2)
(3,2,1)°=(6)’
We take:
(a,b,c)=(3+kt,2+¢t,1)

d=(6+kt+t). For,t= [kz_—?;ck+1]

we get: (a,b,c)=(-6,57)&d=6
Another numerical solution is:

For, (p, q)=(3,2)

For n=3, we have:
(49,35,126)% = (1470)°
(a, b, c)p = (d)a

3. (p, q) = (4,2)

we take: (a, b, ¢) = [(uv), (uw), (vw)] & d = [v* + (vw)? + w*]

2 2 2
Where, u"=v"+w

For (u, v, w) = (5,4,3)we get: (15,12,20)" = (481)
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Also, (a, b, ¢)* = (a® - b* + ¢?)?
(a, b, c)p = (d)a
4. (p,q)=(5,2)
We have numerical solution:
Where, (a, b, c, d) = (48, -30, -18,15120)
5. (a, b, c)p = (d)e
(p, q)=(6,2)
We have numerical solution: (42,81,100)6 = (1134865)2
Section -2
[ Four terms on (LHS)]
(av + br + cr + dp) = (e9)
Above can be written as: (a, b, ¢, d)r = (e)4
1. (p,q)=(2,2)
We take:a=n(k+4),b=2m(k—5),c=2mn,d=2mn&e = (29k2 - 2k + 14)
Where,(m,n) = [(2k — 1), (5k + 2)]
For k=0 we get: (8,10,4,4)2 = (14)2
Alternate Identity is given below:
We have numerical solution shown below: (2,4,7,10)2 = (13)2
We take (a+ b+ c) = (e)
We getd?=2(ab + bc + ca)
Parameterising at:
(a,b,c,d)=[2+1t),(4+1t),7+1t), (10 + kt), (13 + 3t)]
a=2(k?— 10k + 20)
b=2(2k?— 10k + 14)
¢ =2(5k?— 26k + 30)
d= (7kz— 20k + 10)
e = (13kz — 60k + 78)
For, k=0 weget:(20,14,530)2=(39)2
(a,b,c,d)r=(e)t.... (1)
2, (@ q9)=(33)
(18,17, -20,-14)3=(a+ b+ c+d)3=(1)3 ....(2)
(a,b,c,d) =(18,17, 20, —14)
From the above, we have the relationship, (a+b+c+d)=1=(e)

Also from (1) we get:
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From the numerical equality (2) above we have the relationship:
7c=—4(a+b) .... (3a)
49ab = (4a+4b+ 7)(4 —74d) .... (3b)

Using the above (3a & 3b)relationship and

substituting in equation (1) above & also using

maple math software we get the condition:
12(a—=b)2+9(a+b)=ab + 21 ... 4)

Parametrizing equation (4) above at (a, b) = (18,17)

we get another numerical value: (a, b) = (?, 17)

Substituting this value in (3a) & (3b)

404 282)
21’ 21

we get: (¢, d) = (—
Hence, (new) numerical solution is:
(350,357, —404, —282)3=(a+ b+ c+ d)3=(21)3
(@b cdp=(e)1——————~ (1 @9 =@3B3)
(18,17,—-20,-14)3=(a+b+c+d)3=(1)3 ......... (2)
Alternate method inorder to parametrize above equation (1) is shown below:
(@+b3+c3+d3)=(a+b+c+d)3
Hence,
(a,b,c,d)*=(a,b,c,d)2+ 2ab(c+ d) + 2cd(a + b)
(a,b,c,d)=(18,17,—-20,—14)
1=1+ 2ab(c+ d) + 2cd(a + b).
Hence we have:
—(c+d)cd=(a+b)(ab+c+d)
Parametrizing at, (a + b) =35& (c + d) = —34
We have,

(@ b,c,d)=(18+1t,17 —t, —20 + kt, —14 — kt) &

35+ 204k
34k2 - 35

we get: t =
Hence a parametric form is shown below:

(612x2 4+ 204xy — 595y2), (578x2 — 204xy — 630y2),

(a, b, c,d, e) =[(—476x%+ 35xy + 700y2),] (—680x2 — 35xy + 490y2), (34x2 — 35y2).
Fork=1

we get (a, b, c,d, e) = (256, —221,225, —259,1) as new solution.
Fork=2

we get (a, b, ¢, d)=(2261,1274, —1134, —2300,101) as new solution
(a, b, c,d)r = (e)a
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3. (@ 9) =G4,
we have numerical solution: (7,6,2,9)3 = (6)*
The above has the relationship: (a+b+c—d=¢e)
Another numerical solution is:
Also, (18,17, —20, —14)3 = (1)* = e*
Above has the relationship: (a+b+c+d=¢e)
(a,b,c,d)r =(e)a
4. @ =42
(@, b,c,d)=(p%pq, %P & e=(p*+q*)
5. X4+Y 4 +Z+t+W+=T3
(a,b,c,d)r =(e)a
(» q) =(43)
We prove that there are many parametric solutions of X*+Y * +z* +w * =T 3
X'+ Y'+Z'+ W= T
Taking X=a, Y=b, Z=a+b, then we get:
2(a2+ab+b2)2+ WA=T13

If we find the rational solution of equation (2), we can obtain the parametric solution of (1).

Some solutions were found where |a,b| < 100 and W < 1000 (see table below):

(A).  (18,9,99,459),(27,~18,99,459),(27,-9,99,459),(51,42,135,747),(62,36,1 15,657),
(B).  (68,-34,17,289),(75,63,51,747),(78,14,115,657),(92,-78,115,657),(92,- 14,115,657),

(C)  (93,-51,135,747),(93,-42,135,747),(93,42,51,747),(98,-62,115,657), (98,-36,115,657).

It seems that equation (1) has infinitely many parametric solutions.

We show two examples for (a,b,W,T) = (18,9,99,459) and (51,42,135,747) (a,b,W,T) =
(18,9,99,459)

X = =27m® = 54nm® 4+ 270n*m? + 540n*m? 4+ 135n*m* — 108n°m — 27n",
, } , 5 £.2 | ar 2 Y 6
Y = 9m® — 108nm” — 40502 m* — 180n%m® + 2700 m? + 162n°m + n°,

- y - v 5 or 2 4 AL - - 5 . 2 p 5 f
Z = —18m" — 162nm” — 135n*m™* + 360n°m> + 405n ' m? + 54n"m — 18n",

W = 99m?* + nm + n*)>,
T = 459(n? + nm + m‘))'
6. X44+Y4+Z4+W4=Tn
(a,b,c,d)r = (e)
(p.q) =(4,n)
Taking X=a, Y=b, Z=a+b, then we get:

2(a2 +ab+b2)2 + WA=T1"
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Consider (a,b,W,T) and let
(ag,bo, Wo,To) (be a known solution).

Let (a,b) is a solution of a*+ A+ (a+ b)4 +Wo 4= To", then 2(a2 +ab+ b2)2 =
To"n-Wq 4

Hence, (a,b) is parameterized by k as below.

_QW, _RG)
“TPw T PM

,P(k) =1+ k% + Q(k),R(k) are polinomials of k

Q)% + R(K)* + (Q(K) + R(K))* + (1 + k+ kK2) Wo)* = (1 + k + k2)4n

If we find a rational solution of 1 +k +k2=u*/* with s = LCM (n,4), we get the general solution
form as below.
4
QU)* +R(D* + QU + RN + w/* W) = (u/*T)"

7. X4+Y4+Z4+W4=TS5

(a,b,c,d)p = (e)d

(p.q) = (45)
According to 264+ 114+ 374+ 194 = 19°, we get a parametric solution below.

First, we obtain a parametric solution a2 + ab + b? = 1083 using ((ag,bg) = (26,11), then we
obtain

(X,Y,Z,W,T) = (37 — 22K + 26K?*,11 — 52K — 37K?,,26 — 74K — 11K?,19 + 19K
+ 19K?)

Hence, we get

X4+Y4+Z4+W4=195(1+k+k2)4

—-1+v/-3
2

SetK = %. Let (p — qw) = (m — nw)® wherew = , then we obtaine (p,q) as follows

Next, we find a rational solution of 1 + k + k* = u°.

Substitute (p,q) = (m5 - 10m3n2 + n> - 10m?n3,5m%n - 5mn* + 10m3n2 - n5) to equation (5),

X = =37Tm'" — 110nm? + 11707%m® + 44400 m™ + 23100 m" — 6552n°m” — 7770n%m*
— 1320n"m* + 11700 m? + 370n"m + 11n'?,

Y = 11m!'? — 260nm?® — 1665n°m® — 1320n°*m” + 5460n*m® + 9324n°m°® + 2310n°m*
- 3120n"m? — 16651 " m* — 110" m + 26n'".

then we obtain a parametric solution as follows.
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L Tt iU B b 0 w2 5L L > T | e L S brdrd) o 5 - > L5 i
Z = —26m'? — 370nm” — 495n°m® + 31200°m” + 77700 ' m® + 2772n°m® — 5460n°m

14400 m? 195n°m? + 260nm + 37n'Y.

W = 19(m* + nm + n*)°,
T = 19(m* 4 nm + n*)".
(a, b, c, d)p=(e)4
For (p, q) = (4,5)
We have, (11,26,37,19)* = (19)5
Also, (6318,2673,8991,4617)* = (1539)5
We note that in both the above numerical solutions the condition that is met is: (a+ b =c)
8. x%iytsztsw4=T6
(a, b, c,d)r = (e)a
(p.q) = (46)
According to, (3244 + 184+ 3424 + 4414 = 63°)
we get a parametric solution below.

In the same way as the case of n = 5, substitute (p,q) = (m® - 3mn? - n>,3m2n + 3mn?) to
equation (5), then we obtain a parametric solution as follows.

X = —342m° — 108nm” + 4860n°%m* + 68400 m?® + 270n*m* — 1944n°m — 342n°,
Y = 18m® — 1944nm® — 5130n%m?* — 360n*m® + 48601 m* + 2052n°m + 18n°,

Z = =54(=2m* + 2nm 4 Ih:!}im"’ F6nm 4+ 2n°)(—=3m* b 4 u:}.

W = 441(m?* + nm + n*)>,

T = 63(m* 4+ mn + n*)>.
9. x4iy4iztewd=17
(a, b, c,d)p=(e)e
(. q) = (4.7)

According to 650524 + 296464 + 35406% + 755554 = 6577, we get a parametric solution
below.

In the same way as the case of n = 5, substitute (p,q) = (m” — 21m>n2 + 21m2n5 — 35m*n3
+ 7mnb®,

7mé6n — 35m3n* + n7 + 21m5n%— 21m2n5) to equation (5), then we obtain a parametric-
solution as follows.
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X= (35406m14 - 415044nm13 - 5919732n2m12 - 12887784n3m1l + 29675646n%m10 +
130234104n°m9+ 106324218n®m8 - 101745072n"m’ - 195351156n8m® - 70882812n%m> +
29675646n10m4+23678928n11m3 +3221946n12m2 - 415044n13m - 65052014

Y= (29646m1% + 910728nm13 + 322194n2m12 - 10791144n3m11 -65117052n%m10 -
70882812n5m° + 189026938n’m7 + 106324218n%m° - 59351292n9m°> -
65117052n10m4- 12887784n11m3+2697786n12m2 + 910728n13m + 35406n14

Z = 65052m' + 495684nm'® — 2607786n%m'? — 23678928n m'' — 354414060 'm 'Y + 59351202n
+195351156n%m® + 12151339207 m" — 89026938n%m’ — 1302341047 m" — 354414060 "m*

+ 10791 144n " ' m® + 59197321 % m? + 195684n'%m — 29646n'4,
W = 75555(m? + nm + n?)”

T = 657(m? + nm + n?)*

10. X*+Y 4 +2% +wW 4 =T°

(a, b, c,d) = (e)
(p,q) = (4.9)
According to,( 6474 + 6014 + 46% + 3614 = 199),

we get a parametric solution below.

In the simillar way as the case of n =5, substitute,

(p,q) = (m9 -36m7’n? + 126m*n> - 9mn® - 84m®n3 + 84m3n® - n3, 9m8n - 126m>n* + 36m2n’ +
36m’n2 - 126m%n> + 9mn8) to equation (5),

then we obtain a parametric solution as follows;

X=( 46m18 - 10818nm17 - 98991n2m16 - 37536n3m15 + 1839060n%m14 +
5543496n°m13 + 853944n%m12 - 19126224n’mll - 28311426n8m10 -
2236520n9m®  +26298558n10m8  +  20590128n11m7 +  853944n12m6
-5149368n13m> - 1979820n14m* - 37536n1°m3 + 91953n16m2 + 11646n17m +
46n18]

Y= (601m18 + 11646nm17 + 7038n2m16 - 490416n3m1> - 1979820n%m14 -
394128n°m13 + 11156964nm12 + 20590128n7m1l + 2012868n8m10 -
29220620n9m° - 28311426n10m8 - 1463904n1lm’ + 11156964n12m6 +
5543496n13m> + 140760n14m* - 490416n15m3 - 98991n16m2 - 828n17m +
601n18),

7=( 647m18 + 828nm17 - 91953n2m16 - 527952n3m15 - 140760n%m14 +
5149368n5m13 + 12010908nm12 + 1463904n"mll - 26298558n8m10 -
31457140n9m° - 2012868n10m8 + 19126224n11m7 + 12010908n12m6 +
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394128n13m> - 1839060n14m% - 527952n15m3 - 7038n16m2 + 10818n17m +
647n18),

W =361(m? + nm + n?)

T = 19(m? + nm + n?)*
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